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Abstract. Let X, Y^, k ^ 1 be normed linear spaces, and A k : X —> Yk, k ^ 1, be 
continuous linear operators. For p£ [1, oo], define the set 

V p = {xeX\ (\\A lX \\, \\A 2 x\\,. . .) i £ p }. 

We provide sufficient conditions for V p to be dense in X, where pG [1, oo] is fixed, and 
f° r flperi p ) t° be dense in X, where p Q e (1, oo] is fixed. 

We also show that these results can not be improved (in a certain sense). 
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1. Formulation of the problem 

For p G [1, oo], define £ p to be the linear space of all sequences a — (ai, a-i, . . .), G 
such that J2kLi \ a k\ p < cjo (if p = oo, then sup fc;sl \a>k\ < oo), endowed with the norm 



l a llp = I 7 , ml 
K k=i 



E 



(if p = oo, then {{aW^ = sup k>1 \a k \). 

Let X, Yk, k ^ 1 be normed linear spaces over a field IK of real or complex numbers, 
and Ak '■ X — > Yk, k ^ 1, be continuous linear operators. For p G [1, oo], define the set 

V p = {xeX\(\\A lX l\\A 2 x\\,...)££ p }. 

Clearly, V P2 C P Pl if P2 > Pi- Moreover, if V p is nonempty, then V p is dense in X (see 
Lemma 15. ip . 

We provide sufficient conditions for T> p to be dense in X, where p G [l,oo] is fixed 
(see Theorem 13.11) . and for Dpefipo)^ ^° ^ e ^ ense m X, where p G (l,oo] is fixed (see 
Theorem I3.2p . 

In Section |4] we show that these results can not be improved (in a certain sense). 
To formulate our results we need some auxiliary notions. 

2. M-COTYPE OF A NORMED LINEAR SPACE 

Let us recall the definition a normed linear space of M-cotype p [U Definition 4.2.2] (in 
this book the definition is given only for real spaces). Note that the notion of M-cotype 
arises naturally in the study of various geometric properties of Banach spaces (see, e.g., [U 
Sections 4.2, 5.2]). 

Let V be a normed linear space over a field IK of real or complex numbers, and p G [1, oo). 
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Definition 2.1. The space V is said to have M-cotype p with constant C > if 

max < || y^gfc^fcH \e k = ±l\^Cl^2 IKI' P 
I fc=i J \fe=i 

for any n G N and t> i, . . . , v n G V. The space V is said to have M-cotype p if there exists 
a constant C > such that V has M-cotype p with constant C. 

Remark 1. For the case IK = C it is natural to give the following definition. The space V 
is said to have M-cotype p if there exists a constant C > such that 

max < || y^a fc f fc || | a k G 

I fc=i J \fe=i 

for any n ^ 1 and ui, . . . ,v n G V. This definition is equivalent to the definition above. 
This follows from the inequality 

(2.1) max < || ^2a k v k \\ \ a k G C, |a fc | = 1 j> < 2max <| || y^£ fc ^|| \ e k = ±1 

I k=l ) I fc=l 

which is valid for any t>i, . . . ,v n G V. Let us prove this inequality. First, note that the 
function || XXri^&ll ^ s convex in (ti, . . . ,t n ) G R n . It follows that 

n ( n 

|| y^JkVkW < max < || y]gfcVjfe|| | £fe = ±1 

fc=l I k=l 

for any G R, |£&| ^ 1- For any G C, |a&| = 1, 1 ^ A; ^ n, we have 

n n n 

\\^2a k v k \\ = || ^2Re(a k )v k + i^2lm(a k )v k \\ ^ 

k=l k=l k=l 

n n ( n ~\ 

^ || ^ Re(a k )v k || + || ^ lm(a k )v k \\ ^ 2 max < || ^ e k v k \\ \ e k = ±1 > . 

fe=i fc=i L fe=i J 

This proves (12. ip . 

Remark 2. A Banach space is said to have cotype p (see, e.g. [TJ Section 5.3]) if there 
exists a constant C such that 

^\\J2r k v k \\ > C \Y^\\v k \\ p 

k=l \k=l 

for any n ^ 1 and i>i, . . . , v n G V, where r\, r% . . . is a sequence of independent random 
variables that take the values ±1 with the equal probabilities F(r k = 1) = F(r k = —1) = 
1/2, and where E denotes the expectation. Clearly, if V has cotype p, then V has M-cotype 

P- 

Let us provide some examples. 



Example 2.1. Let V be a finite dimensional space. It is easy to check that V has M-cotype 
p = l. 

Example 2.2. Let V be a Hilbert space. It is easy to check that V has M-cotype p = 2 
with constant C — 1. 

Example 2.3. Suppose (T, J 7 , p) is a measure space, and s G [1, oo). Let V = L S (T, J 7 , p). 
Then V has M-cotype p = max{2, s} (see, e.g., [TJ Proof of Theorem 4.2.1]. The proof is 
given for the case K = R, but it is also valid for K = C). 

3. Main results 
First, we give a sufficient condition for T> p to be dense in X. 

To formulate this result, we need a few auxiliary definitions. For a normed linear space V 
over a field IK, define V* to be the linear space of all continuous linear mappings v * : V — > K, 
endowed with the norm 

= sup |u*(u)|. 
vev,HI=i 

For two normed linear spaces V, W define B(V, W) to be the linear space of all continuous 
linear operators A : V — > W, endowed with the norm 

\\A\\ = sup ||-<4f ||- 
wey,||t)||=i 

In what follows we set 1/0 = oo and l/oo = 0. 

Theorem 3.1. Let X be a Banach space, and Yk, k ^ 1 be normed linear spaces. Let 
A k eB(X,Y k ), k^l. 

Suppose that X* has M-cotype p G [l,oo). Let p G [l,p/(p — 1)]. Define r G [p, oo] by 

, \ 1 1 1 
3.1 = 1--. 

p r p 

If 

(Piiui^H,...)^,, 

then T> p is dense in X . 

Now we give a sufficient condition for n p g[i Po ) A> to be dense in X. 

Theorem 3.2. Let X be a Banach space, and Yk, k ^ 1 be normed linear spaces. Let 
A k eB(X,Y k ), k^l. 

Suppose that X* has M-cotype p G [l,oo). Let p G (l,p/(p— 1)]. Define r G (p, oo] by 

1 11 
Po P 

If 

(PJ, ||A 2 ||,...) i £ r for re\p,r Q ), 
then r\pt=h Po )'Dp is dense in X. 
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4. Sharpness of Theorem 13.11 
In this section we show that Theorem 13.11 is sharp, that is, the condition 

(PxllJ^H,...)^ 

is necessary for T> p to be dense in X. More precisely, in examples below for any sequence 
of nonnegative numbers a k , k ^ 1, such that (ai,a 2 ,...) G £ r we construct operators 
A k G B(X, Y k ) such that HAfcll = dk, k ^ 1, and V p = 0. 
To be specific, we assume that K = R. 

Example 4.1. Let X = R. Then X* = R. Hence, X* has M-cotype p = 1. We have 
p/(p — 1) = oo. Let p G [1, oo]. By (13. ip we get r = p. Suppose that a k ^ 0, k ^ 1, and 
(ai, a 2 , . . •) G 4- Define A fe : R ->> R, A; ^ 1, by 

AfcX = a k x, igK. 

Clearly, ||Afc|| = a k , A; ^ 1, and P p = 0. 

Example 4.2. Let X = £ s , where s G (1, 2]. Then X* = where t G [2, oo) is defined by 
1/s + 1/t = 1. Hence, X* has M-cotype p = t (see Example 12 .3 j) . We have p/(p — 1) = s. 
Let p G [l,s]. Then r is defined by 1/p — 1/r = 1/s. Suppose that a k ^ 0, k ^ 1, and 
) G £ r . Define A k : 4 R, k > 1, by 

= a/^, x = (xi,x 2 , • • •) G 4- 

Clearly, ||^4fc|| = a k , k ^ 1. Let us show that V p = 0. Consider any x = (xi,X2, . . .) G £ a . 
We have 

oo oo 
k=l k=l 

Since (ai,02, ...) G £ r , (|xi|, ja^l, . . .) G £ s , and 1/r + 1/s = 1/p, we conclude that 
(ai|xi|, a2\X2\, ■ ■ ■) G i p . Hence, V p = 0. 

Example 4.3. For s G [l,oo), define L s = L s ([0, 1], dx). Let X = L s , where s G [2,oo). 
Then X* = L t , where t G (1,2] is defined by 1/s + 1/t = 1. Hence, X* has M-cotype 
p = 2 (see Example 12. 3j) . We have p/(p — 1) = 2. Let p G [1,2]. Then r is defined by 
1/p — 1/r = 1/2. Suppose that a k ^ 0, k ^ 1, and (ai, 02, • • •) G £ r . 
Let rjfc(t), A; ^ 1, be the Rademacher functions, 

r fc (t) = sign sin 2 fc 7rt, t G [0, 1], > 1. 

It is well-known that the system r k , k ^ 1, is an orthonormal system in L 2 , that is, 
(r k ,r m ) L2 = for k ^ m and ||r fc || L2 = 1 for k ^ 1, where (f(t), g{t)) L2 = Jj 01] f(t)g{t) dt, 
f,ge L 2 . Define A fe G B(L S , R), A; > 1, by 

A k x = a k (x,r k ) L2 = a k x(t)r k (t)dt, x G L s . 

7 [0,1] 

We claim that ||^4fc|| = a k , k ^ 1. Indeed, we have \A k x\ ^ Ofcll^Hi! ^ a fe|| :c IU s ; hence, 
||^4fc|| ^ CL k . Moreover, A k r k = a k and U^fellz/s — 1, hence \\A k \\ ^ a k . Consequently, 
\\A k \\ = a k . 



Let us show that V p = 0. Consider any x G L s . We have 

oo oo 

J2\A k x\^ = J2(^\(x,r k ) L2 \f. 

k=l k=l 

Since L s C L 2 and r k , k ^ 1, is an orthonormal system in L 2 , we conclude that 

(|(z,ri) L2 |,|(:r,r 2 ) L2 |,...) G £ 2 . 
Since (a 1 ,a 2 , . . .) G £ r and 1/2 + 1/r = 1/p, we conclude that 

(ai |(x,ri) L2 | ,a 2 |(x,r 2 ) L2 | , . . .) G V 

Hence, D p = 0. 

5. Auxiliary notions and results 

5.1. Auxiliary notions. Let nGN and s G [1, oo]. For a vector a = (a±, . . . , a n ), G K, 
define 

J(£Likl s ) Vs , if *e[l,oo), 



o . = 



|maxi <fc< „ \a k \, if s = oo. 



Let X k , 1 ^ fc ^ n, be normed linear spaces. Define £ s (^i, • • • ,X n ) to be the linear 
space of all n-tuples 

x = (xi, . . . ,x n ), x k G Xk, l^k^n, 

endowed with the norm 

\\x\\ s = IKHxill,..., ||x„||)|| a . 

It is easy to check that 

(£ s (x 1 ,...,x n ))* = e t (x* 1 ,...,x* n ), 

where t G [1, oo] is defined by 1/s + 1/t — 1. Note that 



k=l 

for x* = {xl, . . . , x* n ) G £ t (X*, . . . , X*) and x = ( Xl , . . . , x n ) G £ S {X 1 , . . . , X n ). 
5.2. Auxiliary results. 

Lemma 5.1. Let X be a normed linear space. Suppose V is a nonempty subset of X such 
that X \ T> is a linear set. Then T> is dense in X . 

Proof. Fix d G V. Consider any x G X. It is easily seen that |{A | x + \d V}\ ^ 1. Since 
x + \d — > x as A — > 0, we conclude that V is dense in X. □ 
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Lemma 5.2. Let X be a Banach space, and Y lt 7 G V be normed linear spaces. Let 

^6B(x,y 7 ),7er. // 

sup ||v4 7 || = 00, 

then there exists x G X such that 

SUP llAy^H = OO. 

This lemma is a direct consequence of the following lemma which is a generalization of 
the principle of uniform boundedness. 

Lemma 5.3. Let X be a Banach space, and Yy, 7 G T fee normed linear spaces. Let 

A 7 Gi3(x,y 7 ) ;7 Gr. // 

sup ||AyO;|| < 00 

for any x G X , then 

sup ||Ay|| < 00. 

The proof is exactly the same as of the principle of uniform boundedness [21 Theorem 
3.11]. 

The following lemma plays a crucial role in the proof of Theorems 13.11 13.21 

Lemma 5.4. Let neN, and X\, . . . , X n , Y be normed linear spaces. Let A k G B(X k , Y), 
1 < A; < n. 

Suppose Y has M-cotype p G [1, 00) with constant C. Let q G [p, 00]. Define the operator 
B:£ q {X 1 ,...,X n )^Y by 

n 

B{x u ...,x n ) = ^A k x k . 

k=l 

Then 

\\B\\ >(7||(||A 1 ||,...,||Ai||)||r, 

where r G [p, 00] is defined by 

1 1 _ 1 

q r p 

Proof. If Ah = 0, 1 ^ k ^ n, then the required assertion is obvious. Assume that A k 7^ 
for some k. 

Fix any 5 > 0. There exist x k G X k , 1 ^ k ^ n, such that \\xk\\ = 1 and ||Afc:rfc|| ^ 
||v4fc||/(l + 5), 1 ^ k ^ n. Let a k , 1 ^ k ^ n, be nonnegative numbers. Since Y has 
M-cotype p with constant C, there exist e k G {±1}, 1 ^ k ^ n, such that 

n 

|| y^£ fc a fe A fc a; fc || ^ C7||(ai||^4x^i IU - • • , IKA^nlDIU 

k=l 



Hence, 

(5.1) || Y]A k (e k a k x k )\\ ^ — — ||(ai||Ai||, . . . ,a n ||A n || 

tl 1 + 5 

Set 

x = (eiaixi, . . . , e n a n x n ) G ^ 9 (Xi, . . . , X n ). 

Using (15. ip we get 

(52) p \\Bx\\ ^ c ||(a 1 ||Ai||,...,a n ||Ai||)|| 



i|x|| g 1 + 5 ||(oi,...,a n )|| 5 
It follows that 

(5-3) \\B\\> -^IKH^,..., \\A n \\)\\ r . 

Indeed, if q G (p, oo), then r G (p, oo). Substituting a k = \\A k \\ r ^ q , 1 ^ k ^ n, into (15. 2p 
we get ( 15. 3p . 

If g = p, then r = oo. Let \\Aj\\ = max^^ n ||>ljfe||- Substituting a k = 0, k ^ j, a,j = 1 



into fjOl) . we get (lO]) . 

If g = oo, then r = p. Substituting a fc = 1, 1 ^ A; ^ n, into (15.21) . we get (15. 3p . 

Since 5 > was arbitrary, the assertion of the lemma follows from (15. 3p . □ 

6. Proof of Theorem 13.11 



It is sufficient to prove that V p is nonempty (see Lemma [5. ip . 
For n ^ 1, define the operator B n : X — )■ £ p (Yi, . . . , Y n ) by 

B n x = (Aix, . . . , A n x). 

Define g by 1/p + 1/q = 1. Then B* :£ q (Y?,..., Y*) ->- X*. It is easy to check that 

s;(yr ) ... ) y;) = 5^A; y j;. 

/c=i 

Since 1/p— 1/r = 1 — 1/p and l/p+ 1/g = 1, we conclude that l/q + 1/r = 1/p. Since X* 
has M-cotype p, there exists a constant C > such that X* has M-cotype p with constant 
C. From Lemma 15.41 it follows that 



\\Bi\\>c\\{\\A\i...Ml\\)\\r- 

It is well-known that \\A*\\ = \\A\\ for any A G B(V,W), where V, W are normed linear 
spaces. Hence, 

\\B n \\ >c||(||A 1 ||,...,iKH)|| r . 

Since (||Ai||, \\A 2 \\, • • •) ^ £ r , we conclude that ||-B„|| — > oo as n — > oo. From Lemma I5T21 
it follows that there exists x$ G X such that the sequence ||-B n £o|| is unbounded. Clearly, 
x G V p . This completes the proof. 
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7. Proof of Theorem 13.21 

It is sufficient to prove that f] p£ ^ p^Vp is nonempty (see Lemma [5717) . 

Fix an increasing sequence p n £ [1,Pq), n ^ 1, such that p n — )■ p as w — ^ °°- Let 
= m < mi < m 2 < ... be an increasing sequence of nonnegative integers. For n ^ 1 
define the operator B n : X t Pn {Y mn _ 1+ i, . . . ,Y m J by 

For n ^ 1, define g n by l/p n + l/g„ = 1. Since p n < Po ^ p/(p ~ 1); we conclude that 
l/p n > 1 - l/p, l/p > l/q n , q n > p. Clearly B* n : £ qn (Y£ n _ i+1 , Y£j -> X*. It is easy 
to check that 

m„ 

^niVmn^+li • • • > 2/m„) = A k y k . 

fc=m„_i+l 

Since X* has M-cotype p, there exists a constant C > such that X* has M-cotype p 
with constant C. From Lemma 15.41 it follows that 

ll-^nll ^ C||(ll^m n _i+lll' ' ' ' ' ll y 4m„ll)ll'-n! 

where r n is defined by l/q n + l/r n = l/p. It follows that 

(7-1) \\B n \\^C\\(\\A mn _ 1+1 \\,...,\\A mn \\)\\ rn . 

Since + l/q n = 1, we have — l/r n = 1 — l/p. From p n < p it follows that 
r n < r , n ^ 1. Since (H^H, ||A 2 ||, . . .) ^ £ r for any r £ [p, r ), we can choose a sequence 
m n , n ^ 1, so that 

ll(ll^mn-i + l||>"-> IIAnJDIk -> 00 aS H-)-00. 

From (17.11) it follows that ||S n || — > oo as n — > oo. By Lemma l5~2| there exists xq £ X such 
that the sequence ||.B n :ro||, n ^ 1, is unbounded. 
We claim that 

pe[i,po) 

Indeed, suppose that JTJfcLi H^fc^oP < oo for some p £ [l,po)- There exists a number M 
such that 5TJ^1 M ||y4fcSo|| p < 1. Let N be such that rriM~i + 1 ^ M and pn > P- For any 
n ^ X we have 

m„ 
fc=m n _i + l 

Hence, ||5 n xo|| < 1 for n ^ X, a contradiction. Thus, xo £ fl P e[i p ) This com pl e tes 
the proof. 
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